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During the accretion phase of a core-collapse supernova (SN), the deleptonization flux has recently
been found to develop a global dipole pattern (LESA—Lepton Emission Self-sustained Asymmetry).
The νe number flux Fνe is much larger than Fν¯e in one direction, whereas they are approximately
equal, or even Fνe . Fν¯e , in the opposite direction. We use a linearized stability analysis in
a simplified SN model to study the impact of the νe–ν¯e flux asymmetry on self-induced neutrino
flavor conversion. While a small lepton-number flux facilitates self-induced flavor conversion, “multi-
angle matter suppression” is more effective. Overall we find that for large matter densities which
are relevant below the shock wave, self-induced flavor conversion remains suppressed in the LESA
context and thus irrelevant for neutrino-driven explosion dynamics.
PACS numbers: 14.60.Pq, 97.60.Bw
I. INTRODUCTION
The neutrino and antineutrino flux spectra emitted by
a core-collapse supernova (SN) significantly depend on
flavor. Therefore, flavor conversion can strongly modify
what neutrinos do after decoupling, notably in driving
the explosion, determining nucleosynthesis yields in the
neutrino-driven wind, and the expected signal in large-
scale detectors [1]. Even though neutrino mixing angles
are large, in a dense medium the eigenstates of propaga-
tion and those of interaction are very nearly the same [2].
Therefore, significant flavor conversion would only occur
by the MSW effect [3, 4] at a large distance from the
collapsed core.
This situation can fundamentally change when taking
neutrino-neutrino refraction into account [5]. It can lead
to self-induced flavor conversion [6, 7] even when the mat-
ter density is large and therefore the effective mixing an-
gle is small [8–10]. The propagation eigenmodes of the
collective neutrino ensemble include run-away solutions
in flavor space [11], leading to this phenomenon. One
question is if self-induced flavor conversion would occur
in regions below the stalled shock wave during the SN
accretion phase. Flavor conversion could then modify
neutrino energy deposition and impact the explosion dy-
namics in the framework of the neutrino-driven mecha-
nism of SN explosion.
While self-induced flavor conversion can occur at much
higher density than MSW conversion, it is still suppressed
by the “multi-angle matter effect” [12], although the ex-
act conditions where conversions would occur require a
linearized stability analysis or a numerical solution of the
neutrino-flavor equations of motion. Dedicated studies,
using one-dimensional (1D) SN models found that the
“onset radius” of self-induced flavor conversion would al-
ways lie beyond the shock front where matter densities
are much smaller [13, 14]. Subsequent studies using other
SN models found similar results [15, 16].
Since that time, our theoretical understanding of both
self-induced flavor conversion and of flavor-dependent SN
neutrino emission have both evolved. We are here es-
pecially concerned with developments having to do with
spontaneous breaking of symmetries that were previously
taken for granted. Axial symmetry of the neutrino ra-
diation field around a given radial direction had been
assumed in studies of collective flavor oscillations. How-
ever, a new class of run-away solutions breaks this sym-
metry spontaneously, allowing self-induced flavor conver-
sion for both neutrino mass orderings [17–22]. Moreover,
spatial uniformity can also be broken spontaneously,
leading to small-scale instabilities [23–26]. However, very
recently it was shown that in the SN context, after includ-
ing multi-angle matter effects, the uniform mode provides
the most sensitive test for instability [27]. Therefore, in
our present study we do not worry about small-scale in-
stabilities when addressing the impact of an unusually
small lepton-number flux.
The other new finding is that SN neutrino emission in
3D models can develop a global dipole pattern termed
LESA for Lepton Emission Self-sustained Asymmetry
[28, 29]. While the overall neutrino luminosity remains
nearly spherically symmetric, the deleptonization flux (νe
minus ν¯e) develops a strong dipole pattern within the
first ∼150 ms after collapse irrespective of other hydro-
dynamical instabilities, notably even in the presence of
the standing accretion shock instability (SASI). More re-
cent 3D models of the Garching group [30, 31] as well
as the Oak Ridge group [32] show explosions. While all
Garching models exhibit the LESA effect very clearly and
suggest that it persists at least until some 100 ms after
the onset of the explosion [33], the 3D explosion model of
Oak Ridge shows a less stationary dipole with an ampli-
tude of just about 10% of the monopole over most of the
pre-explosion evolution and a more LESA-like episode
with a dipole-to-monopole ratio of ∼25% and stable di-
rection only in a time interval between 360 and 410 ms
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2after bounce [34]. The reason for these differences be-
tween the Garching and Oak Ridge models is not clear
yet, but they may be connected to different structural or
transport conditions in the newly formed neutron star.
The LESA phenomenon, when it is fully developed, im-
plies that during the accretion phase, the deleptonization
flux emerges primarily in one hemisphere. In some direc-
tions of the opposite hemisphere, it can be very small
and sometimes even slightly negative.
One may wonder if an unusually small lepton-number
flux would facilitate self-induced flavor conversion, per-
haps even below the shock front, and thus would require a
fundamental re-examination of neutrino heating in direc-
tions of small lepton-number flux. For isotropic neutrinos
or SN neutrinos in the single-angle approximation, self-
induced flavor conversion is unavoidable in a νe-ν¯e sym-
metric ensemble [36–39]. On the other hand, multi-angle
effects caused by matter or even by neutrinos themselves
can suppress the instability. The main purpose of our
work is a parametric study of the impact of the νe-ν¯e
flux asymmetry on self-induced flavor conversion.
We use a linearized stability analysis, where we neglect
several issues that have been discussed in the recent lit-
erature. We ignore spin-flip effects caused by neutrino
magnetic dipole moments [40–42] or simply by refraction
in inhomogeneous or anisotropic media [43–46], and we
ignore the role of anomalous neutrino-antineutrino pair
correlations [47–50]. Realistically, all of these are proba-
bly small effects. It could be more questionable that we
also ignore the “halo flux” produced by residual scatter-
ing beyond the neutrino sphere and especially its “back-
ward going” component [51–53]. Moreover, we do not
worry about the question if our assumed quasi-stationary
neutrino source indeed produces a quasi-stationary solu-
tion. A true assessment of these latter assumptions re-
quires a deeper conceptual development irrespective of
the LESA context.
We begin in Sec. II with setting up the linear stability
analysis and clarifying our conventions and normaliza-
tions of crucial input parameters. In Sec. III we perform
the stability analysis for a simplified setup and we discuss
the role of the νe-ν¯e asymmetry. We conclude in Sec. IV
with a summary and discussion of our findings.
II. FLAVOR STABILITY CONDITIONS
A. Equations of motion
We set up our stability analysis along the lines of
Ref. [17], slightly adapting some conventions. The flavor-
dependent SN neutrino fluxes depend, at a given radius
r, on energy E. The neutrino direction of propagation in
the transverse direction is described by the zenith angle θ
relative to the radial direction and by the azimuth angle
ϕ. We assume that the fluxes do not depend on coordi-
nates in the transverse direction. The impact of small-
scale variations in the transverse direction was recently
studied in Ref. [27] with the result that, for a stability
analysis, the largest-scale modes are most relevant. We
use a very basic “neutrino bulb model” to describe the
initial fluxes, i.e., we assume that neutrinos are produced
at a spherical surface with radius R and emitted isotrop-
ically (blackbody like) into the outside half-space. It is
convenient to describe the zenith direction with a fixed
label u = sin2 θR, where θR is the zenith angle at radius
R. Our blackbody like emission model corresponds to a
uniform distribution on the interval 0 ≤ u ≤ 1.
We stress that our reference radius R is not a physical
quantity but a quantity of mathematical convenience. It
need not coincide with the neutrino sphere Rν where typ-
ical neutrinos decouple and which is the physical emis-
sion region. Neutrinos emerging at Rν tend to show a
forward-peaked zenith-angle distribution. The approxi-
mate width of this distribution provides us with the ap-
proximate radius R of a hypothetical blackbody surface
that would produce a flux with similar angular diver-
gence. Our main point of convenience is to use a u distri-
bution on the unit interval and we define R accordingly.
Notice that we do not integrate the flavor evolution
equations, but the philosophy of the stability analysis is
to assume that nothing happens until our chosen test ra-
dius r, i.e., neutrinos have remained in flavor eigenstates
which coincide with propagation eigenstates in a dense
medium. Therefore, the exact path taken before reach-
ing the radius r is irrelevant. We only need to know the
flavor-dependent number fluxes and their angular diver-
gence at radius r.
We combine the flavor-dependent fluxes, assumed to
be stationary, into a matrix Fr,E,u,ϕ which depends on
the variables denoted by subscripts. Matrices in flavor
space are written as capital sans-serif letters. The diago-
nal entries are the 4pi equivalent ordinary neutrino fluxes
Fα for species α. Notice that Fα is differential with re-
gard to energy E, i.e., it is a flux spectrum, and it is
also differential with regard to the zenith-angle variable
u and the azimuth angle ϕ. The off-diagonal elements of
F contain flavor coherence information.
We use negative energies E and negative flux values
Fα to denote antineutrinos. This “flavor isospin con-
vention” considerably simplifies the analysis because we
do not need to distinguish explicitly between neutrinos
and antineutrinos in the equations. However, this nota-
tion can also be confusing. Fνe(E) is a positive number
for a positive E, but a negative number for negative E
and then denotes the antineutrino flux in the sense that
Fν¯e(|E|) = −Fνe(−|E|) if we take Fν¯e(|E|) to be the
usual positive-valued ν¯e flux.
Assuming that the solution does not depend on global
direction, the radial evolution is given by [11, 17]
i∂rFE,u,ϕ = [HE,u,ϕ,FE,u,ϕ] , (1)
where we have suppressed the index r on all quantities.
3The Hamiltonian matrix governing the evolution is [17]
HE,u,ϕ =
1
vu
(
M2
2E
+
√
2GFN`
)
(2)
+
√
2GF
4pir2
∫
dΓ′
(
1− vuvu′ − βu · βu′
vuvu′
)
F′ ,
where M2 is the neutrino mass-squared matrix, causing
vacuum oscillations. The factor v−1u arises from project-
ing the propagation path onto the radial direction. This
factor causes the multi-angle matter effect: neutrinos
traveling in different directions accrue different phases
along the radial direction. The matter term is given by
the matrix N` of net charged-lepton densities which is
diagonal in the weak-interaction basis. The third term
represents neutrino-neutrino refraction which is given by
the phase-space integral
∫
dΓ′ =
∫ +∞
−∞ dE
′ ∫ 1
0
du′
∫ 2pi
0
dϕ′,
where F′ is understood as FE′,u′,ϕ′ at radius r. The ra-
dial velocity of a given mode is vu = (1 − uR2/r2)1/2
[39]. The transverse velocity β depends on the azimuth
angle ϕ. One finds |βu| =
√
uR/r and βu · βu′ =√
uu′(R/r)2 cos(ϕ− ϕ′) [17].
We restrict our stability analysis to a two-flavor system
and express the flux matrices in the form
F =
TrF
2
+
FRνe − FRνx
2
S , S =
(
s S
S∗ −s
)
, (3)
where s is real, S complex, and s2 + |S|2 = 1. The
fluxes with superscript R are the ones at radius R where
s = 1 and S = 0. Since the overall neutrino flux is con-
served, the trace term is conserved and drops out of the
commutator equation. Because the Fα are 4pi equivalent
fluxes, they do not decrease with distance, only the flavor
content evolves. The flavor evolution is encoded in the
normalized matrix S.
Next we change the energy variable E to the fre-
quency variable ω = ∆m2/2E which is more convenient
in the flavor oscillation context. Negative ω values denote
antineutrino modes of the neutrino field. We imagine
that self-induced flavor conversion is driven by the atmo-
spheric mass difference. Our sign convention is such that
a positive ∆m2 refers to inverted mass ordering. Actually
we will always assume ∆m2 to be a positive parameter
and will explain later on how to implement normal mass
ordering in our equations.
As far as flavor conversion is concerned, what enters is
the two-flavor flux difference Fνe−Fνx , not the individual
flavor fluxes. Therefore, it proves useful to introduce a
dimensionless neutrino spectrum in the form
g =
FRνe − FRνx
1
2
∫
dΓ
∣∣FRνe − FRνx ∣∣ , (4)
where g and all fluxes depend on ω, u, and ϕ, and∫
dΓ =
∫ +∞
−∞
dω
∫ 1
0
du
∫ 2pi
0
dϕ . (5)
We recall that antineutrino fluxes in the flavor-isospin
convention are negative and that typically the νe flux
is larger than the νx flux, and similar for antineutrinos.
Therefore, in the SN context, g is typically positive for
positive ω (neutrinos) and negative for negative ω (an-
tineutrinos), although the opposite sign can appear for
some range of ω, corresponding to a “crossed over” num-
ber flux between νe and νx.
Our normalization differs from our previous studies
where we often used
∫ 0
−∞ dω
∫ 1
0
du
∫ 2pi
0
dϕ
∣∣FRν¯e − FRν¯x ∣∣ in
the denominator, i.e., the total number flux of ν¯e minus
that of ν¯x. However, in the maximal lepton-flux direc-
tion of our 3D models, this quantity becomes very small
or even vanishes and thus can not be used to normal-
ize other fluxes. Moreover, our new definition is more
symmetric and more intuitive.
With the spectrum thus normalized, we define the
νe-ν¯e asymmetry parameter as
 =
∫
dΓ g(ω, u, ϕ) =
∫
dΓ
(
FRνe − FRνx
)
1
2
∫
dΓ
∣∣FRνe − FRνx ∣∣ . (6)
If we denote with Nα the total positive number flux for
neutrinos or antineutrinos α, the asymmetry parameter
corresponds to
 = 2
(Nνe −Nν¯e)− (Nνx −Nν¯x)
(Nνe +Nν¯e)− (Nνx +Nν¯x)
. (7)
In the SN context we have approximately Nνx = Nν¯x ,
further simplifying this expression. The normalization in
our previous papers was  = (Nνe −Nν¯e)/(Nν¯e −Nν¯x) in
this notation.
The main point of our study is to investigate how fla-
vor stability depends on the asymmetry parameter . In
the LESA context, we have a strong lepton-number flux
dipole, whereas the νe plus ν¯e and the νx plus ν¯x fluxes
remain nearly 4pi symmetric, i.e., the denominator in our
definition of  is nearly independent of direction.
B. Linearization
We finally linearize the equations of motion in two
ways. We assume |S|  1 as we want to investigate
exponentially growing modes in S, implying s = 1 to
linear order. Furthermore, we use the large-distance ap-
proximation, r  R, leading to [17],
i∂rS = [ω + u(λ+ µ)]S
− µ
∫
dΓ′[u+ u′ − 2
√
uu′ cos(ϕ− ϕ′)]g′S′ , (8)
where S depends on ω, u and ϕ, whereas S′ and g′ depend
on ω′, u′ and ϕ′. We then seek eigenvalues Ω = γ+ iκ for
solutions of the form S(r, ω, u, ϕ) = Qω,u,ϕ e
−iΩr, where
a positive imaginary part κ reflects unstable solutions.
The effective multi-angle strength of the neutrino-
neutrino and neutrino-matter interaction are described
4by the parameters
µ =
√
2GF
(Nνe +Nν¯e)− (Nνx +Nν¯x)
8pir2
R2
2r2
, (9a)
λ =
√
2GF ne
R2
2r2
, (9b)
where ne is the net electron density (e
− minus e+). On
the other hand, nνe = Nνe/(4pir
2) is the νe density at
radius r and nν¯e = Nν¯e/(4pir
2) is the ν¯e number density.
Therefore, in the definition of µ, besides subtracting the
νx and ν¯x densities, we use the sum (nνe + nν¯e)/2 to
describe the neutrino matter effect. Our definition of
µ differs somewhat from the previous literature, corre-
sponding to our modified definition of g. What enters in
the equations is the combination µ gω,u,ϕ, which is inde-
pendent of chosen normalizations of either quantity.
In the LESA context, the total number fluxes Nνe +
Nν¯e and Nνx +Nν¯x are almost 4pi symmetric. Therefore,
our new normalization of µ implies that it is nearly 4pi
symmetric in our models.
Notice also that µ explicitly shows the usual r−4 vari-
ation with distance. Therefore, we will write
µ = µR (R/r)
4 . (10)
In our explicit analysis we will use µR = 2 × 105 km−1
and R = 15 km, whereas the physical neutrino sphere is
approximately at Rν = 30 km. Either µ or r can be used
as a measure of distance from the SN core.
C. Axially symmetric neutrino emission
We assume axially symmetric neutrino emission, im-
plying g(ω, u, ϕ) → g(ω, u)/2pi, but not necessarily an
axially symmetric solution. In the LESA context, the lo-
cal neutrino radiation field at some distance r and some
specific direction is not axially symmetric. However, if we
assume LESA to represent an exact dipole, the system
shows global axial symmetry relative to the dipole direc-
tion. Our schematic neutrino distributions always refer
to the direction of minimal or maximal lepton-number
emission, i.e., to the positive or negative LESA dipole di-
rections. In these extreme lepton-asymmetry directions
the fluxes can be assumed to be locally axially symmetric
and in this sense axial symmetry pertains to the emitted
fluxes. We do not think that our overall conclusions are
strongly affected by this simplification.
As derived in Ref. [17], in the axially symmetric case
one finds the eigenvalue equations
(I1 − 1)2 = I0I2 or I1 = −1 , (11)
where
In = µ
∫
dω du
un g(ω, u)
ω + u(λ+  µ)− Ω . (12)
These eigenvalue equations are to be solved to find the
eigenfrequencies Ω and the range of parameters where
these have an imaginary part, signifying instabilities with
regard to self-induced flavor conversion.
Notice that the first block in Eq. (11) provides solu-
tions for the axially symmetric case, the so-called bi-
modal instability (for inverted mass ordering) and the
multi-zenith-angle (MZA) instability (for normal mass
ordering). The second block provides the instabil-
ity where axial symmetry is spontaneously broken, the
multi-azimuth-angle (MAA) instability which appears
only for normal mass ordering.
D. Switching neutrino mass ordering
Our equations are written for inverted neutrino mass
ordering (IO), whereas normal ordering (NO) corre-
sponds to a negative ∆m2. However, we prefer to keep
∆m2 a positive parameter so that negative ω = ∆m2/2E
continues to denote antineutrinos. We can account for
the mass ordering by introducing a parameter h = ±1 in
front of the vacuum oscillation term M2/2E in the Hamil-
tonian matrix Eq. (2). This parameter carries through
and finally appears in the first line of Eq. (8) in front of
the term ω. We can then, for NO, multiply this equa-
tion with −1, restoring the original ω term, changing the
sign of µ and λ, and the l.h.s. of the equation. For flavor
oscillations, it is irrelevant if neutrinos oscillate “clock-
wise” or “counter-clockwise” in flavor space, i.e., the sign
change on the l.h.s. is not important to find the eigen-
values. In other words, normal mass ordering is covered
by
IO → NO: µ→ −µ and λ→ −λ . (13)
Therefore, we should solve the eigenvalue equation for
−∞ < µ, λ < +∞. The first quadrant, where both pa-
rameters are positive, corresponds to IO, the third quad-
rant, where both parameters are negative, to NO.
E. Switching the νe-ν¯e asymmetry
We are mainly concerned with the role of the asymme-
try parameter . Of course, there are many ways one can
modify the spectrum g(ω, u) to achieve a different asym-
metry . However, as a simple case we could imagine to
switch the role of νe and ν¯e, leaving all else unchanged.
This modification corresponds to
g(ω, u)→ −g(−ω, u) , (14)
which implies → −. In other words, we consider a new
spectrum g˜(ω, u) = −g(−ω, u). Following the propaga-
tion of signs in the equations, one finds that this new sys-
tem is equivalent to the original one with the sign change
λ→ −λ, whereas µ remains unchanged. More precisely,
if instead of switching the sign of  we switch the sign
of λ, the eigenvalue will also change sign, i.e., Ω → −Ω.
Whenever Ω has an imaginary part, there exists also the
5complex conjugate solution, i.e., an exponentially grow-
ing and an exponentially damped solution. Therefore, it
is irrelevant if we find Ω or −Ω because the growth rate
is the same in both cases.
Finally, then, for a given spectrum g(ω, u) and study-
ing the stability condition in the full parameter range
−∞ < µ, λ < +∞, all four quadrants have a physical
interpretation according to
µ < 0 µ > 0
λ > 0 NO,  < 0 IO,  > 0
λ < 0 NO,  > 0 IO,  < 0
(15)
where the sign change in  is understood in the spirit of
Eq. (14).
III. STABILITY ANALYSIS
A. Simplified spectrum
As a next step we perform the stability analysis for a
simplified spectrum. We are not concerned with an exact
numerical result for a specific SN model, but rather we
wish to understand the qualitative impact of a modified
νe-ν¯e asymmetry when all else is kept fixed. Therefore,
we construct the simplest possible toy model which allows
us to develop an understanding of this question.
For the zenith-angle distribution we assume black-
body like emission from the neutrino sphere, i.e., we
assume a uniform distribution of the u-variable on the
interval 0 ≤ u ≤ 1, together with a suitable reference ra-
dius R as explained earlier. For the relationship between
test radius r and effective neutrino interaction energy µ
we use the relationship shown in and around Eq. (10).
Our choices are motivated by the 3D models that have
led to the discovery of the LESA phenomenon [28, 29].
Specifically, we use the model with 11.2M progenitor
mass as a benchmark for our study. During the accretion
phase, this model shows large-scale convective overturn,
but it does not develop the standing accretion shock in-
stability (SASI), in contrast to the models with larger
progenitor masses. After about 150 ms post bounce
(p.b.), this and the other models develop a large-scale
anisotropy of lepton-number emission.
We illustrate this behavior in Fig. 1 where we show
in the top panel the flavor-dependent neutrino number
fluxes in two opposite directions, roughly corresponding
to the directions of maximal and minimal lepton-number
flux, respectively. The νx fluxes in the two opposite di-
rections are similar. However, in the minimum direction,
the ν¯e flux is similar to the νe flux, corresponding to a
small lepton asymmetry. In the maximum direction, the
ν¯e and νx fluxes are similar and much smaller than the
νe flux.
From these number fluxes we can derive the asymme-
try parameter  which we show as a function of time for
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FIG. 1: Physical characteristics of our benchmark SN model
in the minimum (blue lines) and maximum (red lines) lepton-
flux directions. The data have been smoothed (running aver-
ages) over approximately 20 ms. Top: Number fluxes of the
species νe, ν¯e and νx. The νx flux (representing any of νµ, ν¯µ,
ντ and ν¯τ ) is similar in both directions. The ν¯e flux develops
a large asymmetry at around 150 ms p.b. In the direction
of minimal lepton number flux, the ν¯e flux is as large as the
νe flux, in the opposite direction it is as small as the νx flux.
Middle: Asymmetry parameter  of the lepton-number flux
as defined in Eq. (7). Bottom: Effective neutrino-neutrino
interaction strength µR at the reference radius R = 15 km,
see Eq. (10).
our two extreme directions in the middle panel of Fig. 1.
When LESA is fully developed, the νe and ν¯e fluxes are
approximately equal in the direction of minimum lepton-
number flux so that  ≈ 0. In the maximum lepton num-
ber flux direction, the ν¯e and ν¯x fluxes are almost exactly
6equal. In our formulation, this situation corresponds to
 = 2. In this extreme case, self-induced flavor conver-
sion is not possible because Nνe−Nνx cannot be swapped
with Nν¯e −Nν¯x if the latter is zero. Therefore, a stabil-
ity analysis for  = 2 is moot, but we will consider a case
with  = 1.9. As an intermediate benchmark case we con-
sider a situation where Nν¯e − Nν¯x is half of Nνe − Nνx ,
corresponding to  = 2/3.
Another crucial parameter is the effective neutrino-
neutrino interaction strength defined in Eq. (9a). We
show µR as a function of time for our model in the bot-
tom panel of Fig. 1. A typical value is a few 105 km−1.
We will specifically use the value µR = 2 × 105 km−1
which is typical for the period after 150 ms when the
LESA dipole is fully developed. Notice that the choice
of µR is not relevant for the stability analysis per se, but
only to establish a relationship between physical radius
r and corresponding µ-value.
From past experience we know that the exact neutrino
energy distribution tends to be relatively insignificant.
We have explicitly checked this point by using top-hat
shaped, Maxwell-Boltzmann, and more general Gamma
distributions. The locus of the instability region in the
µ–λ–plane is primarily determined by the average oscil-
lation frequency 〈ω〉. Because we study the differential
effect caused by modified  values it is most transparent
to use the simplest possible model which exhibits these
effects. Therefore, we describe all νe and ν¯e by a single
energy, i.e., the system is described by a vacuum oscil-
lation frequency ων and one for ων¯ . Moreover, we can
always go to a rotating coordinate frame in flavor space
such that effectively ω0 ≡ ων = −ων¯ . Therefore, our sim-
plified model is described by a spectrum g(ω, u) = h(ω)
which does not depend on u. Here,
h(ω) =
(
1 +

2
)
δ(ω − ω0)−
(
1− 
2
)
δ(ω + ω0) , (16)
where the first term is for neutrinos, the second one for
antineutrinos.
The abstract stability analysis does not depend on the
numerical choice of ω0 in the sense that all other quan-
tities of dimension “frequency,” i.e., λ, µ and κ are ex-
pressed in units of ω0. The chosen value only matters
when translating the stability region in the parameter
space of µ and λ to physical SN parameters. Specifically
we use E = 12 MeV as our single energy, correspond-
ing to ω0 = ∆m
2
atm/2E = 0.51 km
−1. Other choices
would slightly shift the SN density profile relative to the
instability region in our final plots Figs. 5 and 6.
The main practical reason for using a single-energy
neutrino spectrum is that it allows a simple analytic in-
tegration of the integrals Eq. (12). Avoiding a numerical
integration considerably accelerates the numerical search
for the eigenvalues. The imaginary part of Ω, the growth
rate κ, is always of order ω0, whereas in our range of in-
terest, µ and λ are up to 106 in these units and the real
part of Ω can also take on such large values. Therefore,
finding the eigenvalues can be numerically challenging.
B. Structure of the instability regions
We provide the explicit eigenvalue equations for our
simplified spectrum in Appendix A. For general values of
µ, λ and , the eigenvalue Ω and its imaginary part must
be found numerically. The structure of typical unstable
solutions is best explained using a simple example with
 = 23 , corresponding to twice as many νe than ν¯e after
subtracting the νx and ν¯x fluxes. We first consider the
first block in Eq. (11) which derives for those solutions
which preserve axial symmetry around a given radial di-
rection. In Fig. 2 we show the growth rate κ for un-
stable solutions in the parameter space consisting of the
neutrino-neutrino interaction strength µ and the multi-
angle matter effect λ as defined in Eq. (9). The upper
right quadrant (µ, λ > 0) of the right panel corresponds
to IO and shows the traditional bimodal instability re-
gion. For a given neutrino density µ, the system is stable
if the matter density is either too small or too large. The
same effect can be described as a shift of the unstable
µ range to larger µ values for increasing λ. This effect
has been termed “multi-angle matter suppression” of the
instability, although the instability is not suppressed, it
is shifted to larger neutrino densities. However, we can
say that it is suppressed relative to a specific locus in the
µ-λ plane which corresponds to the SN density profile.
In the lower left quadrant (µ, λ < 0) of the right panel,
corresponding with our conventions to NO, there is no
instability. Physically, of course, µ and λ are positive—
changing their sign allows us to show the NO case in the
same plot as explained earlier.
When we include axial symmetry breaking a new set
of solutions arises, deriving from the second block in
Eq. (11), and we find the solutions shown in the left
panel. This is the multi-azimuth angle (MAA) insta-
bility discussed in the previous literature. Overall, then,
in IO we find the traditional bimodal instability, in NO
the more recent MAA instability.
The upper left and lower right quadrants (µ and λ have
opposite signs) are unphysical in the sense that these
quadrants require an excess ν¯e flux. In the SN context,
the collapsed material is lepton rich, implying that both
the electron and neutrino densities are dominated by par-
ticles, not antiparticles, and thus that λ and µ have the
same sign. However, in the LESA context it can happen
that in the direction of minimal lepton-number flux the
ν¯e flux actually dominates. In this sense, a small negative
 is not entirely hypothetical, although a large negative
value such as  = − 23 would be unrealistic. Therefore,
the upper left and lower right quadrants in Fig. 2 are
primarily shown for mathematical completeness. In the
lower right quadrant, corresponding to IO with  = − 23 ,
the instability range is rather insensitive to λ. In the up-
per left quadrant, corresponding to NO with  = − 23 , we
find a total of three instabilities.
From a mathematical perspective, λ¯ = λ + µ and µ
is a more natural pair of parameters. Notice that in the
eigenvalue equations, the matter effect enters in the form
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FIG. 2: Contour plot of the instability growth rate κ for the simplified SN model described in the text. The effective neutrino-
neutrino interaction strength µ and the matter effect λ were defined in Eq. (9). Notice that κ, λ and µ are given in units of
the vacuum oscillation frequency ω0. The upper right quadrant (µ, λ > 0) of the right panel corresponds to inverted mass
ordering (IO) and the asymmetry parameter  = + 2
3
, shows the traditional bimodal instability. The lower left quadrant
(µ, λ < 0), corresponding to normal mass ordering (NO) and  = + 2
3
, shows only the MAA instability. The upper left and
lower right quadrants, corresponding to opposite signs of µ and λ, represent the  = − 2
3
cases. The right panel (bimodal and
MZA instabilities) arises from the the first block in the eigenvalue equation (11). The left panel arises from the second block,
deriving from solutions which break axial symmetry (MAA instability).
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FIG. 3: Same as Fig. 2 for  = 0. Notice the expanded scale of κ values. In both figures, the lowest contour is for κ = 0.25ω0.
λ¯ = λ+ µ, where µ represents the matter effect caused
by neutrinos on each other. In the µ-λ¯ parameter space,
the two MZA instabilities in the right panel of Fig. 2
appear in different quadrants (cf. Fig. 9 of Ref. [27]).
In other words, the line λ¯ = λ + µ = 0, equivalent to
λ = −µ, cuts between the two MZA instabilities.
As a second case we show in Fig. 3 a similar contour
plot for the fully symmetric case  = 0. As expected, the
plot is now symmetric under the exchange λ→ −λ. For
 = 0 and in the absence of matter (on the line λ = 0),
the growth rate becomes arbitrarily large for µ→∞. In
this symmetric case without matter, there is no “sleeping
top regime,” i.e., the system is unstable for any µ above a
very small threshold. Notice that the eigenvalue equation
can be solved analytically for λ¯ = 0 and any value of 
as shown in Appendix A.
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FIG. 4: Instability footprints corresponding to the contour plots of Fig. 2 (red for  = 2/3) and of Fig. 3 (blue for  = 0),
where both µ and λ are measured in units of the vacuum oscillation frequency ω0. The limiting growth rate to construct the
footprints is κ = 0.01ω0. For inverted mass ordering, the bimodal instability applies (upper right panel). For normal mass
ordering, the lower MZA and MAA panels apply, but in practice only the lower left panel (MAA) is relevant because the MAA
footprint is closer to the SN density profile than the MZA footprint.
C. Instability footprints
We are here not particularly interested in the details of
the growth rates of the various instabilities, but rather, if
neutrinos streaming from a SN core along a given density
profile will encounter any instability. In this sense it is
enough to find the region in the µ-λ parameter space
where the system is unstable, a region which we call the
“footprint of the instability.”
This footprint is not quite uniquely defined. For ex-
ample, in Fig. 2 the region to the right of the bimodal
instability is perfectly stable in the sense that κ = 0,
whereas in the region between MZA and bimodal insta-
bility, κ is never exactly zero but only becomes extremely
small. Therefore, as a specific criteria we adopt some-
what arbitrarily κ/ω0 > 1/100 as a stability condition.
The natural dimension for κ is the vacuum oscillation
frequency which in our case is of order 1 km−1. There-
fore, our instability criteria corresponds to one e-folding
of growth on a radial distance of around 100 km. Choos-
ing a smaller κ criteria would imply a larger radial dis-
tance for one e-folding of growth. Notice also that the
exact locus of the limiting κ contour depends somewhat
on the exactly chosen neutrino energy distribution which
here was taken to be monochromatic. Also notice that
the region nominally found unstable in this sense may not
be unstable enough to lead to any appreciable growth in
realistic situations. Our somewhat arbitrary stability cri-
teria is probably conservative in this sense. In any case,
we here only study the differential effect of modifying the
 value so that our exact choice of stability criteria is not
crucial for our discussion.
In Fig. 4 we show the instability footprints of Figs. 2
and 3, essentially providing the same information as the
contour plots, but now on a logarithmic scale encompass-
ing the range of parameters relevant in the SN context.
9For inverted mass ordering and  & 0, the upper right
panel (bimodal instability) applies. For large µ and large
λ, the red instability range ( = 2/3) is a narrow band.
As shown in Appendix A, the asymptotic behavior of the
instability strip is λ ∝ µ except for a logarithmic correc-
tion. The curves delimiting the asymptotic footprint are
provided explicitly Appendix A. For  = 0, the asymp-
totic instability region is below the large- case, but in
the approximate range 1 . µ . 100, reducing  creates
an instability region above the large- footprint. For the
most part, however, reducing  extends the unstable re-
gion to the lower right of the original footprint. We will
see that this region is not of interest in the SN context.
For normal mass ordering, the panels with µ, λ < 0
apply, i.e., the lower MZA and MAA panels. The MZA
footprint is covered by the MAA one, i.e., in practice
the MAA instability is the only one relevant in the SN
context. We see in the lower left panel that the MAA
footprints are qualitatively similar to bimodal ones. Here
reducing  has the clear effect of shifting the instability
region to an area between the red footprint and the hor-
izontal axis, which makes it “less dangerous” in the SN
context.
D. Supernova context
The findings of the previous section become more ex-
plicit if we focus on the physical panels of Fig. 4, i.e.,
the upper right and the lower left, and show the same
information where µ and λ are both plotted as positive
variables and moreover, where we transform the µ param-
eter to radial distance in a SN model. In Figs. 5 and 6 we
show the bimodal and MAA instability regions and also
show a representative SN density profile inspired by our
numerical LESA model. Besides the footprints already
shown in Fig. 4, we now also include the case  = 1.9 near
to the largest possible value of 2. As → 2, the footprint
becomes an ever more narrow sliver of parameters. Near-
maximal  values are relevant in the maximum-lepton
number flux direction.
In agreement with the previous literature we find that
the most “dangerous” region with regard to a possible
instability is at the shock wave where the density drops
by a large factor, corresponding to a much reduced multi-
angle matter effect. Coincidentally, in our shown exam-
ple of a SN density profile, it never intersects the in-
stability region, but of course small changes in chosen
parameters or shifts in the density profile will lead to an
unstable region just outside of the shock wave. For a
similar result see, for example, Fig. 2 of Ref. [17].
We also confirm previous findings that the MAA insta-
bility region tends to be nearer to the SN density profile.
Of course, which of the two instabilities applies depends
on the neutrino mass ordering chosen by Nature. In the
MAA case, reducing  has the effect of shifting the un-
stable region away from the SN density profile. In the bi-
modal case, the effect is not monotonic, but typically the
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FIG. 5: Bimodal instability regions for the indicated  values.
The  = 2/3 and 0 footprints are the same as those shown
in the upper right panel of Fig. 4. We here also show the
equivalent radius coordinate on the horizontal axis as well
as a representative SN density profile inspired by our LESA
models. The steep drop in density at around 200 km is the
shock front.
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FIG. 6: Same as Fig. 5, now for the MAA instability region,
corresponding to the lower left panel of Fig. 4.
 = 0 case tends to be “most dangerous” in the shock-
wave region and comparable to the large- case of the
MAA case.
IV. CONCLUSIONS
Motivated by the LESA effect, we have studied a
simplified example of the impact of an unusually small
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lepton-number flux on the interplay between self-induced
neutrino flavor conversion and its multi-angle matter sup-
pression. The instability regions are strongly enlarged
into regions of small matter density and large neutrino
density as perhaps expected. However, the stability plots
in Figs. 5 and 6 show that for the most part this is a re-
gion which does not correspond to a realistic SN density
profile. Lowering the lepton-number flux by itself does
not have the effect of leading to self-induced flavor con-
version in regions below the shock front.
The main point of our study was to explore the di-
rection of the effect of lowering the lepton-number flux.
According to our simplified models even strong modifi-
cations of the asymmetry parameter do not have a dra-
matic impact on the stability question along realistic SN
density profiles. For IO, where the bimodal instability
applies, a small  value can have the effect of creating an
unstable region beyond the shock-wave radius. For NO,
where the MAA instability applies, the largest  values
provide the “most dangerous” instability regions.
Overall it is primarily the multi-angle matter effect
which controls the instability region for densities rele-
vant along the SN profile. For practical SN simulations
with regard to the explosion mechanism, it appears that
unusually small  values do not require a reconsideration
of neutrino flavor evolution for distances below the shock
front. Of course, flavor conversion will be important be-
yond of the shock front, certainly at large distances by
the MSW effect, and perhaps in some cases directly out-
side of the shock front by self-induced flavor conversion.
Such effects would be important for the interpretation of
the neutrino signal from the next nearby SN, but would
not directly affect the explosion dynamics.
Our stability analysis was somewhat schematic with
the purpose of exploring the general direction of what an
unusually small lepton-number flux caused by the LESA
effect would do. In principle, of course, in any given SN
simulation one could perform an a posteriori stability
analysis, based on the numerical neutrino radiation field
and density profile, to verify that it was justified to ignore
flavor conversion. In 3D simulations, the local neutrino
radiation field will not be axially symmetric, not even
in the LESA dipole directions. Therefore, the stability
analysis has to be based on neutrino fluxes with a non-
trivial azimuth-angle distribution. This is not conceptu-
ally difficult, but such cases have not yet been explored
in practice and await systematic study. In principle, one
could eventually develop a numerical tool that could flag
possible flavor instabilities as the numerical simulation
progresses. Of course, should cases be found where fla-
vor conversion below the shock front occurs after all, a
completely new challenge has to be faced in SN modeling.
We stress, however, that not finding flavor-conversion
instabilities in such an approach does not necessarily
prove that none exist. As explained in the introduc-
tion, we have ignored a number of new issues that have
emerged in the recent literature on neutrino-neutrino re-
fractive effects. These topics should be sorted out before
worrying further about self-induced flavor conversion in
practical SN simulations. In particular, the multi-angle
matter effect which provides the stabilizing ingredient
in the present context relies on the assumption that the
neutrino radiation field and its flavor properties vary only
along the radial direction. This is an imposed symmetry
assumption which can hide unstable solutions that might
exist otherwise. Likewise, the assumption of a purely
stationary solution, allowing us to treat the problem in
the form of an ordinary (rather than partial) differential
equation has never been strictly justified.
The core-collapse SN explosion mechanism is one of
the few physical phenomena where neutrinos play a dom-
inant dynamical role and where the flavor dependence of
the fluxes matters. Yet flavor conversion, in spite of large
mixing angles, does not seem to figure at all for SN dy-
namics due to matter suppression of flavor oscillations,
i.e., because in dense matter, propagation and interaction
eigenstates are almost the same. However, a final verdict
on the role of active-active flavor conversion for SN dy-
namics requires more theoretical work to fully appreciate
the role of possible flavor instabilities in the interacting
neutrino field.
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Appendix A: Explicit eigenvalue equation
1. Explicit integrals
In order to solve the eigenvalue equation we need the
integrals defined in Eq. (12). In our simplified model,
they take on the form
In =
µ
λ¯
∫
dω h(ω)Kn
(
ω − Ω
λ¯
)
(A1)
where λ¯ = λ+ µ and
Kn(w) =
∫ 1
0
du
un
u+ w
(A2)
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and w = (ω − Ω)/(λ+ µ). We find explicitly
K0(w) = log
(
1 + w
w
)
, (A3a)
K1(w) = 1− w log
(
1 + w
w
)
, (A3b)
K2(w) =
1
2
− w + w2 log
(
1 + w
w
)
. (A3c)
As a next step we adopt the monochromatic spectrum
Eq. (16) and express all frequencies in units of ω0, i.e., µ is
understood to mean µ/ω0 and so forth. With λ¯ = λ+ µ
we find explicitly
I0 =
µ
λ¯
[(
1 +

2
)
log
(
1− λ¯
Ω− 1
)
−
(
1− 
2
)
log
(
1− λ¯
Ω + 1
)]
, (A4a)
I1 =
µ
λ¯2
[
λ¯+
(
1 +

2
)
(Ω− 1) log
(
1− λ¯
Ω− 1
)
−
(
1− 
2
)
(Ω + 1) log
(
1− λ¯
Ω + 1
)]
, (A4b)
I2 =
µ
λ¯3
[
λ¯
(
λ¯
2
+ Ω− 2
)
+
(
1 +

2
)
(Ω− 1)2 log
(
1− λ¯
Ω− 1
)
−
(
1− 
2
)
(Ω + 1)2 log
(
1− λ¯
Ω + 1
)]
. (A4c)
2. Vanishing effective matter density (λ¯→ 0)
In the absence of matter effects, where λ¯ = λ+µ→ 0,
these expressions simplify to
I0 = µ
2 + Ω
1− Ω2 , I1 =
1
2
I0 , and I2 =
1
3
I0 . (A5)
In this case the eigenvalue equations can be solved ex-
plicitly,
Ωbimodal = −2
√
3 + 3
12
µ
±
√
1− 2
√
3 + 3
3
µ+
7 + 4
√
3
48
(µ)
2
, (A6a)
ΩMZA = +
2
√
3− 3
12
µ
±
√
1 +
2
√
3− 3
3
µ+
7− 4√3
48
(µ)
2
, (A6b)
ΩMAA =
µ
4
±
√
1 + µ+
(µ
4
)2
. (A6c)
For these solutions to have a nonvanishing imaginary
part, the bimodal solution requires µ > 0, whereas the
two others require µ < 0. For all three cases, one finds
that the maximum growth rate to be
κmax =
√
(2/)2 − 1 , (A7)
which of course only applies on the locus λ¯ = 0, i.e., on
the line λ = −µ. In other regions of the µ-λ parameter
space, κmax could be larger. Notice that in our conven-
tion, −2 ≤  ≤ +2 so that κmax is indeed real and posi-
tive. For small , we have κmax ≈ |2/|. Recalling that κ
is given in units of the vacuum oscillation frequency ω0
we find once more that the maximum growth rate is es-
sentially identical with the vacuum oscillation frequency
times a numerical factor depending on .
The situation changes in the absence of any νe-ν¯e
asymmetry where  = 0. In this case the imaginary parts
of all three solutions grow without limit for |µ| → ∞. For
|µ| = 400, the edge of the plotting region in Fig. 3, and
for λ = 0 we find κbimodal = 29.34, κMZA = 7.93, and
κMAA = 20.02, in agreement with the contours in Fig. 3.
3. Large effective matter density (λ¯→ ±∞)
In the opposite limit of very large effective matter den-
sity λ¯ → ∞ we may also gain considerable insight by
analytic techniques. To this end we observe that un-
stable solutions, for large λ values, also require large µ
values. Therefore, to expand in powers of 1/λ¯, we ex-
press µ = mλ¯, where m is a dimensionless parameter.
Of course, at this stage this is only an ansatz because µ
could also scale with another power of λ¯.
Considering first λ¯ > 0 we assume that the real part of
Ω does not become large, i.e., that |Ω| can be considered
small relative to λ¯ or µ. Under these conditions, to lowest
order in 1/λ¯ the first block of the eigenvalue equation (11)
becomes
(2 + ) log(1− Ω)− (2− ) log(−1− Ω)
2
= a , (A8)
where
a = log
(
λ¯
)− 2 (m− 1)2
m2
. (A9)
The second block, yielding the MAA instability, provides
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to lowest order
m = −1 . (A10)
Therefore, to lowest order in 1/λ¯, any solution, stable or
unstable, requires µ = −λ¯. Therefore, with λ¯ = λ + µ
we find
µ = − λ
1 + 
. (A11)
This results corresponds to the very thin footprint in the
upper left panel of Fig. 4.
Next we turn to λ¯→ −∞. We notice without further
discussion that in this case the real part of Ω becomes of
order λ¯ so that we write Ω→ λ¯+Ω. Performing now the
expansion, we find for both blocks of Eq. (11) a result of
the form of Eq. (A8), but with modified expressions
a = log
(−λ¯)− 2 (m− 1)2
m(m− 4) , (A12a)
a = log
(−λ¯)− m+ 1
m
, (A12b)
which appear on the right-hand side.
Equation (A8) can be solved explicitly for our bench-
mark example  = 2/3 where it is essentially a quadratic
equation. In this case one finds
Ω =
2− ea ± ea/2√ea − 8
2
. (A13)
This solution has a nonvanishing imaginary part for
−∞ < a < log(8). However, for a  −1 the imagi-
nary part (the growth rate) is exponentially suppressed.
The formal criteria κ > 1/100 leads to the requirement
a > log(4−√39999/50). Therefore, the system is unsta-
ble for a1 < a < a2, where
a1 = log(4−
√
39999/50) ≈ −9.90 , (A14a)
a2 = log(8) ≈ +2.08 , (A14b)
assuming our nominal requirement κ > 1/100.
To make these results more explicit for the various
instabilities, we first solve Eq. (A9), corresponding to
λ¯→ +∞. We find
µ =
λ¯
1±
√
(log λ¯− a)/2 . (A15)
Together with λ = λ¯− µ and with the explicit values for
a1 and a2 we can find the limiting contours in the µ-λ-
plane as a parametric plot depending on the variable λ¯.
Likewise, we may solve Eq. (A12), corresponding to
λ¯→ −∞. Here we find
µ = +
λ¯
1 +A±
√
3
2A+A
2
, (A16a)
µ = − λ¯
1 +A
, (A16b)
where
A = a− log λ¯ . (A17)
Again we can find the limiting contours with a1 and a2
in the µ-λ-plane as a parametric plot depending on the
variable λ¯.
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